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Abstract In this paper, we use a variety of mathematical techniques to explore
existence, local stability, and global stability of equilibria in abstract models of mito-
chondrial metabolism. The class of models constructed is defined by the biochemical
description of the system—an electron transport chain coupled to a process of charge
translocation across a membrane. The conclusions are based on the reaction network
structure, and we make minimal assumptions on the kinetics of the reactions involved.
In the absence of charge translocation these models have previously been shown to
behave in a very simple manner with a single, globally stable equilibrium. We show
that with charge translocation the conclusion about a unique equilibrium remains
true, but local and global stability do not necessarily follow. The length of the chains
proves to be important: For short electron transport chains it is possible to make claims
about local and global stability of the equilibrium which are no longer valid for longer
chains. Some particular conditions which ensure stability of the equilibrium for chains
of arbitrary length are presented.

Keywords Mitochondria · Electron transport · Stability · Logarithmic norms

1 Introduction

The processes of electron transport and oxidative phosphorylation in mitochondria are
of vital biological importance, being central to cellular respiration and hence energy
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production in most eukaryotic cells. More than 95% of oxygen consumption in the
human body occurs in mitochondria [1]. The basic features of mitochondrial electron
transport and oxidative phosphorylation are now well understood: Summaries can
be found in textbooks such as [2] or [3], with more detail in [4]. Elucidation of the
detailed mechanisms however, particularly those involving proton pumping, is still in
progress [5].

Mitochondrial electron transport occurs via a series of coupled redox reactions
in the mitochondrial inner membrane. After the initial reduction of a first electron
donor (e.g. NADH or FADH2 produced by glycolysis and the TCA cycle) electrons
are transferred from substrate to substrate, finally being accepted by oxygen. During
some of these electron transfers a second process takes place—protons are pumped
across the mitochondrial inner membrane producing a proton gradient across this
membrane. These protons then return down their gradient, either through leak chan-
nels or through a particular enzyme, ATP synthase, leading to the phosphorylation of
ADP.

Generic models of electron transport chains were explored in [6], where the main
emphasis was on the input–output response of such models. In the simplest case, where
the proton gradient across the membrane was ignored, these models were found to
have very simple behaviour—at all physically meaningful parameter values there was
a single, globally stable, equilibrium. In [7], this result was shown using different
mathematical techniques to generalise to the case of electron transfer networks with
more general topology than a chain.

From energetic considerations we expect the build up of a proton gradient across the
membrane to have an inhibitory effect on electron transport. Models which take this
into account thus have extra negative feedback loops. Intuitively we might expect that
such feedback should not be destabilising. While this proves true for short
chains, we find, surprisingly, that for longer chains this is no longer the case.

Before discussing generic models, it is worth mentioning that there are several
detailed models of electron transport and oxidative phosphorylation such as [8–11].
These ordinary differential equation models have been designed with numerical data
in mind, and reflecting the complexity of the processes involved, the functional forms
are quite involved. There is an interesting discussion of how to ascribe kinetics to elec-
tron transport systems in [12]. Our interest in mitochondria was originally inspired by
analysis and simulation of some of these numerical models, but the approach here is
quite different, and more akin to work in [6,7,13]—because only very weak kinetic
assumptions are made, the generic model we construct could be instantiated in a great
variety of numerical models and the claims we make are valid for all possible instances
of the generic model.

2 The model

2.1 The basic reaction scheme

The basic reaction scheme will be summarised here. Assume that there are n substrates,
each of which can exist in an oxidised state Ai and a reduced state Bi so that
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Ai + e− � Bi

Further, assume that protons can exist in two compartments—the mitochondrial matrix
(where they are termed H+

m ), and the intermembrane space (where they are termed
H+

e )—with the possibility of transfers of the form

H+
m � H+

e

We are interested in reactions which are in general the combination of three pro-
cesses, a reduction, an oxidation, and the transport of some protons across the mem-
brane. So for example, if substrate Ai is reduced to Bi, Bj is oxidised to Aj, and p
protons are pumped across the mitochondrial membrane we get the half reactions

Ai + e− � Bi, Bj � Aj + e− and pH+
m � pH+

e

which combine to give

Ai + Bj + pH+
m � Aj + Bi + pH+

e (1)

We also allow the possibility that a reducing/oxidising agent may be external to the
model giving reactions such as

Ai + pH+
m � Bi + pH+

e or Bi + pH+
m � Ai + pH+

e (2)

A set of redox reactions of the forms 1 and 2 can be termed an electron transfer net-
work. A particular case is an electron transfer chain where in general the i th substrate
is able only to exchange electrons with the (i + 1)th and (i − 1)th substrates, if these
exist. A first and a last substrate can exchange electrons with the outside, reflecting the
initial reduction of NADH or FADH2 and the final oxidation of cytochrome a3 by O2.

We assume there are n substrates, and hence n +1 redox reactions. The i th reaction
has forward rate fi , which may be positive or negative, potentially allowing reactions
to be reversible. For i ≤ n, the i th reaction involves substrate i , and for i ≥ 2, the
i th reaction involves substrate i − 1. We define pi as the number of protons pumped
across the mitochondrial membrane by the i th reaction. Assuming that the quantities
pi are constant discounts the possibility of “redox slip” [14], which does not appear
to be very important in normal circumstances [15]. A quantity ψ can be defined so
that transfer of a single proton across the membrane creates one unit of ψ . ψ can take
any real value and is a strictly increasing function of the proton motive force, i.e. the
electrical/chemical gradient against which protons are pumped across the membrane.

Finally, reflecting the combined effect of proton leak and ADP phosphorylation,
there is a process with rate L representing the “decay” ofψ . When there is no gradient,
no protons leak through the membrane, so that L(0) = 0. Further L is assumed to be
strictly increasing in ψ . The structure of the model is illustrated in Fig. 1.

Because the total quantity—oxidised plus reduced—of any substrate in the chain
is conserved, reduced forms of the substrates are not explicitly introduced. Instead,
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Fig. 1 A schematic representation of the reaction network. The quantities Ai and Bi refer to oxidised and
reduced states of the substrates. The functions fi define the forward rates of reaction of the n + 1 coupled
redox reactions. The quantity ψ represents the electrical and chemical gradient across the mitochondrial
membrane, which has an inhibitory effect on any redox reactions which involve proton pumping

the concentration of Ai is referred to as xi , and the total concentration of Ai + Bi is
assumed constant at mi . We arrive at a model of the form:

ẋ1 = − f1(x1, ψ)+ f2(x1, x2, ψ)

ẋi = − fi (xi−1, xi , ψ)+ fi+1(xi , xi+1, ψ) i = 2, . . . , n − 1
ẋn = − fn(xn−1, xn, ψ)+ fn+1(xn, ψ)

ψ̇ =
n+1∑

i=1
pi fi − L(ψ)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(3)

The phase space of this system is defined by the equations:

0 ≤ xi ≤ mi i = 1, . . . , n − ∞ < ψ < ∞

and is hence n + 1 dimensional, being the product of a closed n-dimensional box and
the real line.

2.2 Assumptions

All the functions fi , along with L , are assumed to be C1 (once differentiable in all
their arguments with continuous derivatives). The following notation is used for the
derivatives of the functions fi :

fi j ≡ ∂ fi

∂x j
, Fi j ≡ − fi j , fiψ ≡ ∂ fi

∂ψ
, Fiψ ≡ − fiψ (4)

At finite substrate concentrations, all reaction rates are finite, so that at any fixed ψ
each fi is bounded on its domain of definition.

Since ψ represents a potential against which some of the reactions must do work,
the following relations are obtained:

fiψ < 0 if pi �= 0 and fiψ = 0 if pi = 0 (5)

123



326 J Math Chem (2009) 46:322–339

If pi �= 0, then ψ inhibits the forward reaction and we assume that sufficiently
large values of ψ make the reaction rate arbitrarily small or negative, i.e.

lim
ψ→∞ fi (·, ψ) ≤ 0 i = 1, n + 1

lim
ψ→∞ fi (·, ·, ψ) ≤ 0 i = 2, . . . , n

This reflects the fact that the energy required to pump a proton against a chemical
and electrical gradient becomes large as the gradient increases. Similarly −ψ inhibits
the backward reaction so that:

lim
ψ→−∞ fi (·, ψ) ≥ 0 i = 1, n + 1

lim
ψ→−∞ fi (·, ·, ψ) ≥ 0 i = 2, . . . , n

The following equations imply that no reaction can proceed in the absence of any
of its substrates:

f1(0, ·) = 0
fi (·, 0, ·) = 0 i = 2, . . . , n
fi (mi−1, ·, ·) = 0 i = 2, . . . , n
fn+1(mn, ·) = 0

⎫
⎪⎪⎬

⎪⎪⎭

(6)

The final set of conditions imply that increased substrate concentration increases
the rate of reaction unless one of the substrates is entirely absent:

f11 > 0
fii ≥ 0 and fii > 0 if xi−1 < mi−1 i = 2, . . . , n
fi+1,i ≤ 0 and fi+1,i > 0 if xi+1 > 0 i = 1, . . . , n − 1
fn+1,n < 0

⎫
⎪⎪⎬

⎪⎪⎭

(7)

The fact that the first and final inequalities are always strict implies that there is
always some electron donor to reduce the initial substrate, and some electron acceptor
to oxidise the final substrate, and ensures nondegenerate behaviour. The assumptions
from (7) mean that fii , Fi j and Fiψ as defined in (4) are all nonnegative. The definition
of these nonnegative quantities is solely to simplify later arguments.

3 General behaviour of the system

In this section we outline some properties of the model that hold regardless of the
number n of redox pairs.
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3.1 Boundedness of solutions

It is convenient to define an n×(n+1)matrix which can be regarded as a stoichiometric
matrix for the redox reactions:

S ≡

⎡

⎢
⎢
⎢
⎣

−1 1 · · · 0 0
0 −1 · · · 0 0
...

...
. . .

...
...

0 0 · · · −1 1

⎤

⎥
⎥
⎥
⎦

Defining the vector of reactant concentrations x = [x1, x2, . . . , xn]T , the vector
of reaction rates v(x, ψ) = [ f1, f2, . . . fn+1]T , and the nonnegative vector P ≡
[p1, . . . , pn+1]T , we can rewrite the system of Eq. 3 more briefly as

ẋ = Sv(x, ψ)

ψ̇ = PT v(x, ψ)− L(ψ)

We now show that all forward trajectories of the system are bounded. Since the phase
space is bounded in x, what needs to be shown is that all trajectories enter a bounded
region in the ψ direction. This amounts to showing that ψ̇ > 0 for ψ sufficiently
large and negative, and that ψ̇ < 0 for ψ sufficiently large and positive. By assump-
tion, for any given i , either pi = 0 or fiψ is negative and limψ→∞ fi (·, ·, ψ) ≤ 0,
limψ→−∞ fi (·, ·, ψ) ≥ 0. This in turn implies that limψ→∞ PT v(x, ψ) ≤ 0 and
limψ→∞ PT v(x, ψ) ≥ 0. In addition L is strictly increasing with L(0) = 0. Thus for
any fixed value of x, limψ→∞ PT v(x, ψ)− L(ψ) < 0 and limψ→−∞ PT v(x, ψ)−
L(ψ)>0. Define ψ0(x) as the value of ψ at which PT v(x, ψ)− L(ψ) = 0. ψ0(x) is
uniquely defined since PT v(x, ψ)− L(ψ) is strictly decreasing. Since PT v(x, ψ)−
L(ψ) is a differentiable function of ψ with non-zero derivative, by the implicit func-
tion theorem, ψ0(x) is differentiable. Since it has a compact domain, ψ0(x) achieves
a maximum value which we call ψmax, and a minimum value which we call ψmin. By
these definitions, ψ̇(ψ, x) < 0 for all ψ > ψmax, and ψ̇(ψ, x) > 0 for all ψ < ψmin.

Thus all trajectories enter a closed box, B, bounded by the hyperplanes xi = 0,
xi = mi , ψ = ψmin and ψ = ψmax, and this box forms a trapping region for the
system in all dimensions.

3.2 The Jacobian

Direct calculation gives that the Jacobian, J , of the system is:

J =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− f11 − F21 f22 · · · 0 F1ψ − F2ψ
F21 − f22 − F32 · · · 0 F2ψ − F3ψ
.
.
.

.

.

.
. . .

.

.

.
.
.
.

0 0 · · · − fnn − Fn+1,n Fnψ − Fn+1,ψ

p1 f11− p2 F21 p2 f22− p3 F32 · · · pn fnn − pn+1 Fn+1,n −Lψ−
n+1∑

i=1
pi Fiψ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Here Lψ ≡ dL
dψ . The structure of this Jacobian can be made clearer by defining

two further quantities: A nonnegative vector in R
n , F ≡ [F1ψ, . . . , Fnψ ]T ; and an

(n + 1)× n matrix

V ≡ ∂v
∂x

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f11 0 0 · · · 0
−F21 f22 0 · · · 0

0 −F32 f33 · · · 0
...

...
...

. . .
...

0 0 0 · · · fnn

0 0 0 · · · −Fn+1,n

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Then the Jacobian can be written in the block form:

J =
[

SV SF
PT V −PT F − Lψ

]

(8)

SV is the Jacobian of the system without feedback, which is tridiagonal, and can
easily be shown to have real negative eigenvalues [6]. It was shown in [16] that the
structures of S and V along with the nonnegativity of P and F imply that J is a so
called P(−) matrix (see Appendix A for the definition).1 This result is independent of
n, the length of the chain. It has the consequence that the system is injective; this is
discussed further in the next section.

The fact that J is a P(−) matrix has another consequence of importance to us: It
means that its eigenvalues are excluded from a certain wedge around the positive real
axis: If λ = reiθ is an eigenvalue of an m × m P matrix, then it is proved in [17] that:

|θ − π | > π/m

and equivalently for a P(−) matrix,

|θ | > π/m

Clearly when m = 2, this means that both eigenvalues lie in the left half plane,
so that 2 × 2 P(−) matrices are Hurwitz stable (see Appendix A for a definition of
“Hurwitz stable” which we will abbreviate to “Hurwitz”). However for m > 2, P(−)
matrices may be unstable.

3.3 A unique equilibrium

The existence of a unique equilibrium for this system was shown in [6] by a direct
method. It also follows from the arguments presented above. The existence of a com-
pact, convex, trapping region B constructed above implies, by the Brouwer fixed point

1 The nondegeneracy conditions presented in [16] are met because the nth substrate is terminal, and all
substrates are able to transfer electrons along the chain to the nth substrate.
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theorem, that an equilibrium exists. That this equilibrium must be unique follows from
the fact that the Jacobian is a P(−) matrix, and hence the system is injective [18]. Thus
as our first result we can state that

Electron transport chains coupled to charge translocation across a membrane
have exactly one equilibrium.

It is interesting that the possibility of multistability is immediately ruled out. How-
ever this in itself does not tell us whether all trajectories must necessarily converge to
the unique equilibrium, or whether periodic or chaotic behaviour is still possible.

4 Stability of the equilibrium

In this section, we explore local and global stability of the unique equilibrium, starting
with low dimensions (i.e. short chains). For two dimensions we prove that the equilib-
rium is globally asymptotically stable. In three dimensions we show that the addition
of an extra, reasonable, constraint implies that the equilibrium is locally stable, and
further constraints ensure that it is globally stable. We then demonstrate that these
constraints do not suffice to guarantee stability in four dimensions and higher. Finally,
we outline some additional special conditions that guarantee the Jacobian is Hurwitz
in all dimensions.

4.1 The system in two dimensions

The system in 2D consists of a single redox pair subject to a reduction process and an
oxidation process, both possibly coupled to proton translocation across the membrane.
It takes the form

ẋ1 = − f1(x1, ψ)+ f2(x1, ψ)

ψ̇ = p1 f1 + p2 f2 − L(ψ)

The Jacobian of the system in this case is:

J2 =
[ − f11 − F21 F1ψ − F2ψ

p1 f11− p2 F21 −Lψ− p1 F1ψ − p2 F2ψ

]

(9)

We have already mentioned that 2D P(−) matrices are Hurwitz stable, and it
follows that the matrices J2 are Hurwitz stable. (This can also be shown with a direct
calculation.)

Since J2 is Hurwitz stable everywhere, not just at the unique equilibrium, the
Markus-Yamabe Theorem (e.g. [19–21]) ensures that the equilibrium is globally
stable. We also offer an alternative, elementary, proof of global stability. By the
Poincaré-Bendixson Theorem (see, for example, [22]), ω-limit sets of a flow on com-
pact subsets of R

2 must either contain equilibria or consist of a periodic orbit. In this
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case we can rule out the possibility of periodic orbits: The divergence of the vector
field is equal to

T r(J ) = − f11 − F21 − p1 F1ψ − p2 F2ψ − Lψ

which is negative. Thus the vector field satisfies the Dulac criterion (e.g. [23]) and there
are no periodic orbits. We know that there is only one equilibrium, which is locally
stable, and therefore there are no heteroclinic or homoclinic orbits either. Since every
forward trajectory enters the box B, the unique equilibrium must be the ω-limit of
every trajectory, and is hence globally stable.

4.2 The system in three dimensions

Slightly more complex than the two dimensional system is the system in three dimen-
sions which takes the form

ẋ1 = − f1(x1, ψ)+ f2(x1, x2, ψ)

ẋ2 = − f2(x1, x2, ψ)+ f3(x2, ψ)

ψ̇ = p1 f1 + p2 f2 + p3 f3 − L(ψ)

with Jacobian

J3 =
⎡

⎣
− f11 − F21 f22 F1ψ − F2ψ

F21 − f22 − F32 F2ψ − F3ψ
p1 f11− p2 F21 p2 f22− p3 F32 −Lψ− p1 F1ψ − p2 F2ψ − p3 F3ψ

⎤

⎦ (10)

As it stands, J3 is not always Hurwitz. For example, the Jacobian constructed using
the following values: p1 = 3, p2 = 0, p3 = 88, F1ψ = 33, F2ψ = 4, F3ψ = 0.6,
f11 = 23, f22 = 3, F21 = 94, F32 = 76, Lψ = 6 has two eigenvalues with positive
real part.

J3 can be shown to be Hurwitz everywhere provided one extra condition is met: p1
and p3 must have the same ordering as F1ψ and F3ψ . For a real number z, define the
sign function in the usual way:

sign(z) ≡
⎧
⎨

⎩

1 (z > 0)
0 (z = 0)
−1 (z < 0)

(11)

Then the ordering assumption translates to the following statement:

sign(F3ψ − F1ψ) = sign(p3 − p1) (12)

With this assumption, the Jacobian is everywhere Hurwitz, and hence the equilib-
rium is locally asymptotically stable. The proof is simple but requires some lengthy
evaluations, and the details are presented in Appendix B.
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Unlike in the 2D case it does not follow that the equilibrium is globally stable,
since the Markus-Yamabe conjecture does not hold in dimensions greater than 2 [24].
However we can prove global stability in this case too subject to a strengthened version
of the ordering assumption on the quantities pi and Fiψ . We now require

sign(Fiψ − Fjψ) = sign(pi − p j ) (13)

for i, j ∈ {1, 2, 3}.
With this assumption we are able to use a version of Li and Muldowney’s autono-

mous convergence theorem (Theorem 4.1 in [25]) to show that the unique equilibrium
is globally stable. In order to use this theorem two concepts are needed:

1. The second additive compound of a matrix
2. Logarithmic norms of a matrix.

Both quantities are defined for square matrices. The second additive compound matrix
of any n × n matrix J is a square matrix of dimension nC2 which we will term J [2].
Logarithmic norms are scalar quantities, and corresponding to any given matrix norm,
there is a logarithmic norm. Unlike matrix norms, however, logarithmic norms may
take negative values. The definitions are given in Appendix A.

Consider a dynamical system with Jacobian J (x) at some point of phase space
x . Define J to be the set of all these Jacobians. For our purposes, the autonomous
convergence theorem states the following: If a logarithmic norm µ can be found such
that

µ(J [2]) < 0 for all J ∈ J (14)

then the limit set of each bounded semi-trajectory of the dynamical system is an
equilibrium.

Since all trajectories enter the trapping region B in our system, and since B contains
a unique equilibrium, finding a suitable logarithmic norm satisfying (14) will suffice
to prove global stability of the equilibrium.

The second additive compound in this case is:

J [2]
3 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

− f11−F21− f22−F32 F2ψ − F3ψ −(F1ψ − F2ψ)

p2 f22− p3 F32 − f11−F21−Lψ−
3∑

i+1
pi Fiψ f22

−(p1 f11− p2 F21) F21 − f22−F32−Lψ−
3∑

i+1
pi Fiψ

⎤

⎥
⎥
⎥
⎥
⎥
⎦

We will construct a logarithmic norm µT such that µT

(
J [2]

3

)
< 0. For a real n ×n

matrix, the logarithmic norm corresponding the usual ‖ · ‖1 norm takes the form:

µ1 = max
i∈{1,...,n}

⎛

⎝xii +
∑

k �=i

|xki |
⎞

⎠
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From the definition it is clear that a matrix has negative logarithmic norm µ1 if and
only if every diagonal entry is negative and it is strictly diagonally dominant in every
column. Next we define a constant diagonal coordinate transformation

T =
⎛

⎜
⎝

1 0 0
0 1

pmax
0

0 0 1
pmax

⎞

⎟
⎠

where pmax = max
i∈{1,2,3}(pi ).

According to Lemma 2.2 of [26], given any invertible transformation T , µT (M) ≡
µ1(T MT −1) defines a new logarithmic norm. In this case, since T is a diagonal matrix,
the diagonal entries of M are the same as those of T MT −1. Thus in order to prove that
µT (J

[2]
3 ) < 0, we need to show that J ′ ≡ T J [2]

3 T −1 is strictly diagonally dominant
in every column.

For the first column, we have

J ′
11 + ∣

∣J ′
21

∣
∣ + ∣

∣J ′
31

∣
∣ = − f22 − F32 − f11 − F21

+
∣
∣
∣
∣

p2

pmax
f22 − p3

pmax
F32

∣
∣
∣
∣ +

∣
∣
∣
∣

p2

pmax
F21 − p1

pmax
f11

∣
∣
∣
∣

It can easily be seen that the term on the right hand side is negative since for any
two nonnegative scalars |a − b| ≤ max{|a|, |b|}.

For the second column, we have

J ′
22 + ∣

∣J ′
12

∣
∣ + ∣

∣J ′
32

∣
∣ = −

3∑

i=1

pi Fiψ − Lψ − f11 + pmax
∣
∣F2ψ − F3ψ

∣
∣

For the final column, we have

J ′
33 + ∣

∣J ′
13

∣
∣ + ∣

∣J ′
23

∣
∣ = −

3∑

i=1

pi Fiψ − Lψ − F32 + pmax
∣
∣F2ψ − F1ψ

∣
∣

In order to show that the right hand sides of the last two expressions are negative
we need to show in each case that our ordering assumption (13) implies that the final
term (which may be positive) is dominated in magnitude by the other terms.

Note that |Fiψ − Fjψ | ≤ max{Fiψ, Fjψ } ≤ max
k∈{1,2,3}(Fkψ). Then there are only

three cases:

1. if pmax = p1, then pmax
∣
∣F2ψ − F3ψ

∣
∣ ≤ p1 F1ψ , and pmax

∣
∣F2ψ − F1ψ

∣
∣ ≤ p1 F1ψ .

2. if pmax = p2, then pmax
∣
∣F2ψ − F3ψ

∣
∣ ≤ p2 F2ψ , and pmax

∣
∣F2ψ − F1ψ

∣
∣ ≤ p2 F2ψ .

3. if pmax = p3, then pmax
∣
∣F2ψ − F3ψ

∣
∣ ≤ p3 F3ψ , and pmax

∣
∣F2ψ − F1ψ

∣
∣ ≤ p3 F3ψ .

Each of these possibilities leads to the same conclusion—that J ′
i i + ∑

k �=i
|J ′

ki | < 0 for

each i . Hence we have µT

(
J [2]

3

)
< 0.
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This result means that if the ordering assumption (13) holds, then the unique equi-
librium is globally stable. The ordering assumption itself has the following reasonable
physical meaning which we would expect to be fulfilled in practice: If redox reaction i
is involved in pumping more protons across the membrane than redox reaction j , then
reaction i is correspondingly more inhibited by ψ than reaction j . It is interesting to
note however that this assumption is not necessary to prove global stability in the 2D
case. It is also unknown to us whether the weaker assumption (12), which guarantees
that the Jacobian is everywhere Hurwitz, actually guarantees global stability in 3D.

4.3 Unstable examples in higher dimensions

The ordering assumption (13) does not guarantee global or even local stability of
the equilibrium in dimensions greater than 3. It is easy to construct counterexam-
ples. For example, in four dimensions, the Jacobian constructed by choosing p1 = 2,
p2 = p3 = 0, p4 = 73, F1ψ = 167, F2ψ = F3ψ = 0, F4ψ = 176, f11 = 4, f22 = 7,
f33 = 1, F21 = 32, F32 = 64, F43 = 174, Lψ = 33, satisfies all the constraints,
including the ordering assumption on the values of pi and Fiψ . However it has two
eigenvalues with positive real part.

We make the following remarks:

1. By continuity, the fact that a non-Hurwitz Jacobian can be constructed in four
dimensions guarantees that such examples also exist in all higher dimensions.

2. Systems with non-Hurwitz Jacobian satisfying the ordering assumption (13) seem
to be rare. A script implemented in the open source numerical computation pro-
gram Scilab [27], was able to find counterexamples in dimension 4 by randomly
choosing values for the different terms in the Jacobian, such that all the assump-
tions were satisfied. Out of hundreds of millions of sets of values, less than 10 were
non-Hurwitz.

3. The counterexamples found appear always to be close to breaking the ordering
assumption. For instance, in the example shown, p4 is much greater than p1,
whereas F4ψ is close in magnitude to F1ψ .

4.4 A special case: reaction rates dependent on potentials

In this section we consider an interesting assumption which ensures that the Jacobian
is Hurwitz everywhere (and hence the unique equilibrium is locally stable). The
assumption is as follows:

1. Associated with each half reaction is some “potential”: In the case of a redox reac-
tion of the form Ai + e− � Bi, a potential means any strictly increasing scalar
function of [Ai], such as a redox potential; In the case of a charge transfer across
a membrane a potential means any strictly increasing scalar function of ψ .

2. The rate of any full reaction depends only on the sum of the potentials for the half
reactions involved, and is a strictly decreasing function of this sum.
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This assumption can be interpreted, loosely, as saying that the energetics of the
system determines the kinetics. For example, consider the electron transfer coupled
to some proton pumping

Ai + Bj + pH+
m � Aj + Bi + pH+

e

derived from the half reactions

Ai + e− � Bi, Bj � Aj + e− and pH+
m � pH+

e

In this case, the assumption would imply that the forward rate of the combined
reaction can be written f (−g j (x j )+ gi (xi )− pgψ(ψ)) where the only stipulation is
that f , gi , g j and gψ are strictly increasing in their arguments. When this assumption
is made about all reaction rates in the system, the full system becomes:

ẋ1 = − f1(g1(x1)− p1gψ(ψ))+ f2(−g1(x1)+ g2(x2)− p2gψ(ψ))

ẋi = − fi (−gi−1(xi−1)+ gi (xi )− pi gψ(ψ))+ fi+1(−gi (xi )+ gi+1(xi+1)

−pi+1gψ(ψ)) i = 2, . . . , n

ẋn = − fn(−gn−1(xn−1)+ gn(xn)− pngψ(ψ))+ fn+1(−gn(xn)

−pn+1gψ(ψ))

ψ̇ =
n+1∑

i=1

pi fi − L(ψ)

The term fi (−gi−1(xi−1) + gi (xi ) − pi gψ(ψ)) represents the rate at which the
i th substrate receives electrons from the (i − 1)th substrate. Denoting by f ′

i , g′
i and

g′
ψ the derivatives of the functions fi , gi and gψ , the Jacobian of this system can be

written J = J0 D where J0 is the symmetric matrix

J0 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−( f ′
1 + f ′

2) f ′
2 · · · 0 p1 f ′

1 − p2 f ′
2

f ′
2 −( f ′

2 + f ′
3) · · · 0 p2 f ′

2 − p3 f ′
3

...
...

. . .
...

...

0 0 · · · −( f ′
n + f ′

n+1) pn f ′
n − pn+1 f ′

n+1

p1 f ′
1− p2 f ′

2 p2 f ′
2− p3 f ′

3 · · · pn f ′
n − pn+1 f ′

n+1 −
n+1∑

i=1
p2

i f ′
i − Lψ

g′
ψ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(15)

and D is the positive diagonal matrix
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D =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

g′
1 0 · · · 0 0

0 g′
2 · · · 0 0

...
...

. . .
...

...

0 0 · · · g′
n 0

0 0 · · · 0 g′
ψ

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(16)

From the discussions earlier, J0 is a P(−) matrix. Further it is symmetric, and hence
sign symmetric (see Appendix A for a definition of sign symmetry). This implies [28]
that J0 is D-stable, i.e. the product of J0 with any positive diagonal matrix is Hurwitz.
Hence J is Hurwitz. Thus the assumption that reaction rates depend on the sum of
potentials of the half reactions ensures that the Jacobian of the system is everywhere
Hurwitz.

5 Discussion and conclusions

We have analysed in some detail, and using a variety of mathematical techniques, the
behaviour of electron transport chains coupled to a charge translocation process. In
all cases trajectories are bounded, and there is a unique equilibrium, but questions
about the stability of this equilibrium have proved harder. Where the chain consists
of a single redox pair, the unique equilibrium is globally stable. When there are two
redox pairs the same conclusions can be reached subject to some extra conditions on
the feedback process. In higher dimensions no such general conditions can easily be
found.

It is surprising that the coupling of electron transfer to a membrane potential—a
negative feedback loop—can serve to destabilise the unique equilibrium for suffi-
ciently long chains. Interestingly, when the reaction rates are monotonic functions of
a sum of potentials, then the system in any dimension could be proved to be every-
where Hurwitz. Reaction rates cannot in general be seen in this way, but in the case
of reactions which are primarily about charge transfer, the assumption could be rea-
sonable. Certainly some of the choices of reaction rates in numerical models such as
[8] satisfy this assumption.

It is interesting to note that the system without feedback is cooperative in the sense
of [29] for any fixed values of ψ . Moreover, when ψ is seen as an input to the model,
it follows from results in [6] that it has a well defined input to state static characteristic
[30]—i.e. a single globally asymptotically stable, non-degenerate equilibrium for each
value of ψ . These facts suggest that it should be possible to apply the so-called “small
gain theorems” developed by Sontag, Angeli and others [31,30] in order to make
claims about the behaviour of the system with feedback. The difficulty which arises
is that the system as written is not monotone in its inputs (for any order) because the
quantities Fiψ − Fi+1,ψ can take any real value. On the other hand the quantities Fiψ

are of defined sign, suggesting that a clever recoordinatisation might make the system
monotone in its inputs, allowing application of small gain theorems. We consider this
a very promising avenue for future work.
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The work also raises other interesting open questions, both biological and mathe-
matical. From a biological point of view, it would be interesting to see how additional
processes such as transport processes in the full numerical models ([8,11] for example)
affect the conclusions presented here.

We note that since the Markus-Yamabe conjecture does not hold in dimensions
greater than 2 [24], a Jacobian which is everywhere Hurwitz does not necessarily
imply global stability of an equilibrium. An open mathematical question is whether
there are equivalent conditions to the ordering condition in 3D which ensure that the
Jacobian of the system is Hurwitz in arbitrary dimension, or better still that the second
additive compound has negative logarithmic norm, and hence the unique equilibrium is
globally stable. If such conditions exist can they be given general biological meanings?

It would also be interesting to explore when the results presented here survive
weakening of the assumption that electrons are transferred along a chain. Although
electron transfers taking place in the mitochondrial membrane are often described via
a chain it is likely that this description is to some extent a simplification. General
electron transfer networks in the absence of a potential were analysed in [7] and found
to have simple behaviour. Application of the theory presented in [16] should allow
determination of when these networks give rise to P(−) Jacobians when interacting
with a membrane potential.

Finally, given our comment on the Markus-Yamabe conjecture above, although
conditions ensuring sign-symmetry of the system imply that the Jacobian is every-
where Hurwitz, it is an open question as to whether a sign-symmetric P(−) Jacobian
implies global stability of the unique equilibrium. We conjecture that this is the case,
but this remains to be proved.

Appendix

A Definitions

Hurwitz stability of matrices A square matrix is defined to be Hurwitz stable if all
its eigenvalues lie in the open left half of the complex plane—i.e. the real parts of all
its eigenvalues are negative.

P matrices and related classes For some n ×m matrix A, A(α|γ )will refer to the
submatrix of A with rows indexed by the set α ⊂ {1, . . . , n} and columns indexed by
the set γ ⊂ {1, . . . ,m}. A principal submatrix of A is a submatrix containing columns
and rows from the same index set, i.e. of the form A(α|α). A minor is the determi-
nant of any square submatrix of A. If A(α|γ ) is a square submatrix of A (i.e. |α| =
|γ |), then A[α|γ ] will refer to the corresponding minor, i.e. A[α|γ ] = det(A(α|γ )).
A principal minor of A is the determinant of a principal submatrix of A.

P matrices are square matrices all of whose principal minors are positive. They
are by definition nonsingular. If −A is a P matrix, then we will say that A is a P(−)
matrix. If A is a P(−) matrix, this means that each k × k principal minor of A has sign
(−1)k .

Sign symmetry An n ×n matrix is sign-symmetric if symmetrically placed minors
have the same sign, i.e. A[α|γ ]A[γ |α] ≥ 0 for everyα, γ ⊂ {1, . . . , n} with |α| = |γ |.
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Second additive compound matrices A brief definition of the second additive com-
pound of any square matrix can be found in [32]. For a more detailed discussion see
[33]. For a 3D matrix

A =
⎛

⎝
a11 a12 a13
a21 a22 a23
a31 a32 a33

⎞

⎠ (17)

the second additive compound takes the form2

A[2] =
⎛

⎝
a11 + a22 a23 −a13

a32 a11 + a33 a12
−a31 a21 a22 + a33

⎞

⎠

This second additive compound was constructed using the standard lexicographic
ordering of basis vectors. Choices of ordering make no difference to the logarithmic
norms of the matrix.

Logarithmic norms If ‖ · ‖ denotes a vector norm on R
n , and also the induced

matrix norm on n × n matrices, then the logarithmic norm [34], also known as a
Lozinskiı̆ measure, of an n × n matrix A is defined by

µ(A) = lim
h→0+

‖I + h A‖ − 1

h
(18)

B Local stability in 3D

In this appendix we prove local stability of the equilibrium in three dimensions, subject
to the assumption in (12), using the Routh-Hurwitz theorem. Consider the character-
istic polynomial of a matrix A:

|λI − A| = λn + b1λ
n−1 + . . .+ bn−1λ+ bn (19)

In this equation, I is the n × n identity matrix, and the coefficients bi are the sums
of all principal minors of −A of dimension i . For a P(−) matrix, bi > 0 for all i . Now
define bk ≡ 0 for all k > n, and construct a set of numbers 	i as follows:

2 In general, the second additive compound of a matrix A has dimension d C2 where d = dim(A). When
dim(A) = 3, we get dim(A[2]) = 3 also, but this is not generally the case.
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	i =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

b1 1 0 0 0 0 · · · 0
b3 b2 b1 1 0 0 · · · 0
b5 b4 b3 b2 b1 1 · · · 0
...

...
...

...
...

. . .
... 0

b2i−1 b2i−2 b2i−3 b2i−4 b2i−5 b2i−6 · · · bi

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(20)

The Routh-Hurwitz theorem states that A is Hurwitz if and only if 	i > 0 for all
i ≤ n. In three dimensions, we need to check that the three quantities

	1 = b1 (21)

	2 = b1b2 − b3 (22)

	3 = b3(b1b2 − b3) = b3	2 (23)

are all positive. Since all the bi are positive, all three quantities are positive if and only
if 	2 > 0. This in turn follows (condition 12 in [28]) if

0 < a12a23a31 + a21a32a13 − 2a11a22a33

where ai j are elements of A. Substituting ai j for the elements of the Jacobian and
expanding using the open source symbolic algebra program Maxima [35] gives:

a12a23a31 + a21a32a13 − 2a11a22a33 = F21 F32
(
2p3 F3ψ + 2p1 F1ψ − p3 F1ψ

)

+ f11 f22
(
2p3 F3ψ + 2p1 F1ψ − p1 F3ψ

)

+ positive terms

With the ordering assumption (12), we get:

2p3 F3ψ + 2p1 F1ψ − p3 F1ψ ≥ 0 (24)

2p3 F3ψ + 2p1 F1ψ − p1 F3ψ ≥ 0 (25)

Thus the Jacobian is everywhere Hurwitz and hence the unique equilibrium of the
system must be locally asymptotically stable. Note that the restriction (12) is stronger
than necessary to ensure that J is Hurwitz, but no other set of conditions with a clear
physical meaning that make the Jacobian Hurwitz have been discovered. Finding a set
of necessary and sufficient conditions for J to be Hurwitz is a difficult problem.

References

1. G.T. Babcock, M. Wikström, Oxygen activation and the conservation of energy in cell respiration.
Nature 356, 301 (1992)

2. R.H. Garrett, C.M. Grisham (eds.), Biochemistry (Saunders College Publishing, 1995)
3. N. Bhagavan, Medical Biochemistry (Harcourt/Academic Press, 2002)
4. D.G. Nicholls, S.J. Ferguson, Bioenergetics 3 (Academic Press, 2002)
5. I. Belevich, M. Verkhovsky, M. Wikström, Proton-coupled electron transfer drives the proton pump of

cytochrome c oxidase. Nature 440(6), 829 (2006)

123



J Math Chem (2009) 46:322–339 339

6. M. Banaji, A generic model of electron transport in mitochondria. J. Theor. Biol. 243(4), 501 (2006)
7. M. Banaji, S. Baigent, Electron transfer networks. J. Math. Chem. 43(4), 1355 (2008)
8. B. Korzeniewski, Simulation of oxidative phosphorylation in hepatocytes. Biophys. Chem. 58, 215

(1996)
9. B. Korzeniewski, J.A. Zoladz, A model of oxidative phosphorylation in mammalian skeletal muscle.

Biophys. Chem. 92, 17 (2001)
10. A.D. Farmery, J.P. Whiteley, A mathematical model of electron transfer within the mitochondrial

respiratory cytochromes. J. Theor. Biol. 213, 197 (2001)
11. D.A. Beard, A biophysical model of the mitochondrial respiratory system and oxidative phosphoryla-

tion. PLoS Comput. Biol. 1(4), e36 (2005)
12. Q. Jin, C.M. Bethke, Kinetics of electron transfer through the respiratory chain. Biophys. J. 83(4),

1797 (2002)
13. P. De Leenheer, D. Angeli, E. Sontag, Monotone chemical reaction networks. J. Math. Chem. 41(3),

295 (2007)
14. M.D. Brand, L. Chien, P. Diolez, Experimental discrimination between proton leak and redox slip

during mitochondrial electron transport. Biochem. J. 297(1), 27 (1994)
15. M. Canton, S. Luvisetto, I. Schmehl, G. Azzone, The nature of mitochondrial respiration and discrim-

ination between membrane and pump properties. Biochem. J. 310, 477 (1995)
16. M. Banaji, P. Donnell, S. Baigent, P matrix properties, injectivity and stability in chemical reaction

systems. SIAM J. Appl. Math. 67(6), 1523 (2007)
17. R.B. Kellogg, On complex eigenvalues of M and P matrices. Numer. Math. 19, 70 (1972)
18. D. Gale, H. Nikaido, The Jacobian matrix and global univalence of mappings. Math. Ann. 159, 81

(1965)
19. R. Feßler, A proof of the two-dimensional Markus-Yamabe stability conjecture. Ann. Polon. Math.

62, 45 (1995)
20. A.A. Glutsyuk, The complete solution of the Jacobian problem for vector fields on the plane. Russ.

Math. Surv. 49(3), 185 (1994)
21. C. Gutierrez, A solution to the bidimensional global asymptotic stability conjecture. Ann. Inst.

H. Poincaré Anal. Non Linéaire 12, 627 (1995)
22. K. Ciesielski, On the Poincaré-Bendixson theorem. in Lecture Notes in Nonlinear Analysis, vol 3, eds.

by W. Kryszewski, A. Nowakowski, Proceedings of the 3rd Polish Symposium on Nonlinear Analysis
(2001)

23. J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields (Springer-Verlag, 1983)

24. A. Cima, A.V. Essen, A. Gasull, E. Hubbers, F. Manosas, A polynomial counterexample to the Markus-
Yamabe conjecture. Adv. Math. 131(2), 453 (1997)

25. J.S. Muldowney, Compound matrices and ordinary differential equations. Rocky Mt. J. Math. 20(4),
857 (1990)

26. M.Y. Li, L. Wang, A criterion for stability of matrices. J. Math. Anal. Appl. 225, 249 (1998)
27. Scilab, A platform for numerical computation. Available at http://www.scilab.org/
28. W. Kafri, Robust D-stability. Appl. Math. Lett. 15, 7 (2002)
29. M. Hirsch, H. Smith, Monotone dynamical systems. in Handbook of Differential Equations: Ordinary

Differential Equations, vol 2, eds. by A. Canada, P. Drabek, A. Fonda (Elsevier, 2005)
30. D. Angeli, E. Sontag, Interconnections of monotone systems with steady-state characteristics. in Opti-

mal Control, Stabilization and Nonsmooth Analysis, eds. by M.M.M. de Queiroz, P. Wolenski (Springer-
Verlag, 2004)

31. D. Angeli, E. Sontag, Monotone control systems. IEEE Trans. Automat. Contr. 48, 1684 (2003)
32. M.Y. Li, J.S. Muldowney, Dynamics of differential equations on invariant manifolds. J. Differ. Equ.

168, 295 (2000)
33. L. Allen, T.J. Bridges, Numerical exterior algebra and the compound matrix method. Tech. rep.

University of Surrey (2001)
34. T. Ström, On logarithmic norms. SIAM J. Numer. Anal. 12(5), 741 (1975)
35. MAXIMA: A computer algebra system. Available at http://maxima.sourceforge.net

123

http://www.scilab.org/
http://maxima.sourceforge.net

	Stability in generic mitochondrial models
	Abstract
	1 Introduction
	2 The model
	2.1 The basic reaction scheme
	2.2 Assumptions

	3 General behaviour of the system
	3.1 Boundedness of solutions
	3.2 The Jacobian
	3.3 A unique equilibrium

	4 Stability of the equilibrium
	4.1 The system in two dimensions
	4.2 The system in three dimensions
	4.3 Unstable examples in higher dimensions
	4.4 A special case: reaction rates dependent on potentials

	5 Discussion and conclusions
	A Definitions
	B Local stability in 3D
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


